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~ ~· paper • propoael\ t.o inwatigat.e the at.JWtt.ure ot aolutions or 
diar .. \e, Mro ._, two-penon «••e. For a finit.e game-eat.rix 1\ 1e wll 

known ~._d, a aolut.ion (l.e., a pair ot tl'equeoc:7 cliat.ribut1ona deaoJ"ibing the 

• opt.iJu.l mixed at.rat.egiea ot the two pla~n) al~ metal~ I [I] 5 a I • I 

~11!i1i'g .... iiil.. Moreoftr, the set ot aolutiona 1a knOVD to be a ooma 

polJhedron, each ot ..tloae nrt.icea correaponda to a wbut.rix ld.th •PMial 

propert.iea _%. 
· In Part. I of thl.--llt 

t.ween the dimenai oM ot the a eta of opt1mal atrategie.J\\. an,d dnote particnalar 

at-t ention to ttw aet .> t gmea whoee solution. are unique~h• 
proble o! constructing a pm..m.atrix 'With a g1. Yen aolut.ion. A maher ot a-

•pl .. and gecaetrical argume1t e are int.eNpereed t.o 1Uuat.rat.e the t.heorr, 

and Part III describ .. tlw solutions ot eome matric .. vith apecial diagonal 

p.->perUoa." 
PAR'f I• 9TRUCTURE Of sowqONS 

)1. Introduction and <Wtinit.iona. 

Let r be the ga"""le described b7 the ut.rix A • (a13), vlt.h row ~ and 

columna aj(i • 1,2, ••• , mJ j • l, 2, ••• ,n ) . ~ X be the aet ot all optiaal 

• :!umber. 1n aquare bracketa re!er to the bibllograJ)hT at the end ot the paper. 
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mixed •trategies z • (~) (~ ~ 01 l•x • 1, ~ xAy • v) ot the 11ujmiaing 

plaJ'8r; Y that of tJw other pla~r. Let t 1 (x) be the aet of indioea 1 for 

whioh ~ > 0 1 and t 2(y) those tor whiah a1•y • TJ and similarly J1(y), J2(x). 

Then dotirw 

/, • 1, 2; 

.I • 1, ~ . 

Thua ~ 1a the snalleet face or the ~tal aim lex or r~ strategies con- • 

tainine 1, etc. 

The pufl)Ose of Part I is to proYo the rel.i\tJ.onsr 

(l) (Theoran 1) 

(2) d1m ~ - dim I • dim !
1 

- dim Y (Theoran 2) 

for' all g !e s with fini te oets of pure strategies. We aleo ahO\ol tha t t he set ot 

m x n 8Ml4M:Iatriees w-i t h unique s olutJ. ona is dense and open in (m.n )-space 

(Theoren J ). Under ( 2 ) we 1!\61' suhsune the corollary that a Wlique soluti on muat 

be "square" -that is, involve the asne :1urober of pure strat egies on each side. 

This i s of especial b terest since, by Theorem .3, cames "in general posi tJ.on" 

haYe unique solut.i ons. 

For inf i '11. te oatriceo these results are ot v.-.l id, even when I 1 and J 1 are 
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finite.    Nor does the an&lo^ue  of Theorwn 1 v.old If  the natrlx ia replAO«d by 

a continunua  function,  even though the nure strategies  fom eonpect sets,    Slznpl« 

examples support! r^ these a^sertio.kö will be found in §7^   ' 

S :,    Rei.>UGtion to the essential part of the ^axie, 

Laaaa 1.    There odets x In X such that I,(x) ■ I,  and J^x) • J2 [y In T »uch that 

J^y)  - ^ and I Xy)  • I2 ] • 
i(l) i(i> 

Proof i    To each i^ I-i  and  J 6 J0 there corresponds an x with x.        > 0 and 

'•(0 "(1) . '(i^ "M5 an x    Vw' with a.»x    VJ'  - T,    Th« center of gravity of these x v  '  and x    w/ can 

be taken to be the x of tho  l«rt a. 

Troof:    Choose x and y as in the preceding l«'imji.    Then 1L x^ (a* «y) ■ v Inpllea 

that x^ > 0 only if a.»y - v,    U«nce I,   - I^x) c In(y)  " I-r 

Let   r    be the ga'«  deduced  fror,    T by taking only the indie»» of 1^ and J^. 

Ai1^.' solution of  f' Is a solution of   P j hence ▼ (P)  " ▼( P ) «nd 

(3) xCDcxCP*).        T(P)cY(P,) 

1 
Lgnrna ^3.      'It:    p   derived fron P aa above, 

(■V) di» X(P) - din X( p') dl::. Y(P) - dim T( p')    . 

Proof:     Pick x f X( P ) bv L«nma 1 and  pick any x  e X( T  ).    Than there eadata 

rui x    interior to the seßnent xx    «hicli la In 1(1   )1 

Aa  simple cor^equsneos of (3)  and  (/*), we observe  that 

(5) :,, J£, ij, T/P) -i,, :lt i,, y p'),       /-i... 

In view of (/♦) and   (5), we ni»ed to  prove the asaartlons  (1) and  (2)  only for 
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r '. the amaller game Or, 'lila c. ·.s t he s ame th i ne , l-te may henceforth assuno for r 
itself the properties: 

( 6) !or overy x ~ X, j • 1, 2, ••• , n; 

(7) !or every y f: Y, 1 - l, ~ , ••• ,r:". . 

Under ~ese assumptions we s hall veri fy (in 9 4) t hat e nch player has an 

opt.innl .dxed strateeY to ..tl : ch every pure s• !"nt ea contributes ositi ve weieht 

{Theorm 1). In § J we desc r i b t 1e _ecmetr i cnl :, t t v· t on f or t he a. l rre r a i c 

a r g\1!\ent. 

i J, Oecmetric Analo&U•• 

The gan~tr.lx A ~ be plotted i n n-epace as the convex U of t he n ?Qin t R 

U is then the i.ma£• Wlder t he linear t runs !olT.'.a tion represented by A, of the 

" tunduent.al lli. nplex or m1Dtd strategies or the x-pl n;!Nr. 

Suppose !or simplici ty tha t v • 0 , ru d let ..( be the • posiU ve cJWldr ant 11 i n 

n-apace. Then U hu no i nterior poi nt i n oo on with ~ . but the se two convex 

polyhedra touch i n some on-enpty s et. T, the be;-:e o! I. Under the redueti on 

U Sltn.ption ( 6), T will be prechely the ori r:i n. The opti r·.al rli.xed etra teeies tor 

the ~pla)"8r will correenond t.o the hyperplane• throudl th e ori[i n whtch separate 

• Q and u. Reduction US\J'lpt.ion ( 7) oeans that eft%'7 ee"tlrating plane act~ 

oontaina t he entire aet U. 

The parameter a ot § 4 haa t he effect of s hrinking U about an interior point 

-a. lAirna 5 atatee that U ~ be ao ahnmk and st.ill maintain contact wlth Q. 

Thia leads easily to Theoran 1, ~ich atate s tJ1a t the contact point is the center 

or gran t 7 or a set or posi t1 ve naaeee [ ~ > 0 J at the nrt.i cea L 1 ~ I 2 J or U • 

. 
* The proof that. a g•• hu a aolution (the mi n!max theorsn) m1.7 be reduced to the 
proor t hat. two cc:n~ aets vith no interior pointe in oomnon ca."\ alwa.JB be 4o separnt ed. 
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the1 for any y ~Y, a•:r • v. Fonn the new game r. • (b1J) ldth the row 

0 <a< 1. 

For any y ~ Y, bt•7 • v tor eaoh 1, henoe y( r ) < v. 
a -

lela 4. If Y1 ( r a) and Y haft a 0011non point, thea y( r a) • v. 

' Proof: Taloe any y in boUl t 1 ( r a) am Y, and choose 1 t T( r a) bF 1.-u 1. 

' . " ' The se~ent yy may be «xtended beyond ;y to 1 • (1 + • )y - fr)", f > o. 

Thtt1 

and thus v < v( r ) . But in an:r case v( r ) <" 'Y ' - a a .a 

1.-'l& ,5. There exists Cl > 0 euch that v( r ) ••. a 

Proof: By C<r.1pactness there I!NBt exist a aequence l,(n) t. ,.en) •Y( r ), 
•n 

a - 0, which oonvergea to same rtdxed atrateg;y 7• Since the n\Bber ot poasible n. 

sets yl ( r (l ) ia finite, we m&)" turther stipulate that thq all be the 88JU (al.oaed) 

set and thU: all oont.&in y. But beoaue b
1
.,(n) ~ v tor each 1, n, ,.; find t.ha\ 7 

ia i n Y. Dy Ler:A:la 4 the desired • therefore aiata. 

Theortm 1. 11 • I 2 [.r1 • J 2] • 

P~of: 
I 

Choose a by ~Mat& 5 md z f I( r a). !'hen the DliDd etrat.eg X 1 aU 

of whose CCI!lpontnta 

~ • (1 - ci)~ + a/m 

are poeit.i ve, eatisA• 



• 
and is therefore in X. .lenoe 11 oontaine eney i ndex 1 in the reduced game. 

is, 'th! tundamont.al theoren. 

th!or. 2. dim yl - dim y - dl.m 11 - dim x. • 
Proofs We mq IIQJ'poee ., • 0 ldthout. impairing the n.nal reeult. The conditions 

detlning X~ be Ht forth 

(a) aj•x • 0 tor all J, 

(b) l•X • 1, 

(o) Xi ~ 0 tor all 1. 

(a) am (b) together define a eet C cont.aining XJ (a) alone detinea a larger aet 
• 

' ' C • C t. in taot the null apace ot A, and therefore 

(8) dim C
1 

• m - rank A. 

' ' Since the orit:in b in C but not C, oondit.i.on (b) actually lowere the dimension, 

i,e., 

(9) ' dim c • d1a c - 1. 

By Theorwn l the inequallties (c) hold •t.ricUy for some x in I (and thws tor a 

neighborhood); hence 

(10) dim X • dim C. 

Fi:-tel.ly, and obvioual.T, 

(ll) diJa ~ • m - l. 

Therefore, by ( $) -(11): 

(12) rank A • d.1m 11 - dim I. 

'l'hl•, wtth the e,.aetrical expression tor AT, .t'tlcea to ~on the theor.. 



We obeerYe lbr tutur . u.e that in gaea 'Whose ftlue 1a not .. ro, the 

analogtle of (12) 1a 

(12~ rank A • dim x1 - d1.m x • 1. 

A, in these apreaei.ons, is of oourse the essential ,_rt (in the aenae ot § 2) 

of ,the tot<ll. r,ame-aatrix. 

The theorem may be interpreted also aa a relationship bet.w.en the h'I'08 am 

the ~ of an operator and 1 te adjoint. lAt T md 're dmot.e the operator 

correspondint; to A end its transpose, and let T) , TJ* and R, no denote the man11\tld 

of seros and the range o! I, '!'*. 

Then .:.t ia eaa1ly shown tlat 

(13) 

dim Tj • dim Y. 

Nov r,* is isCXlorphic to R .1 , the orthogonal rna.'li!old to RJ thu 

di m TJ* • dim ~ - dim R. 

But diJ · R • dim Y1 - dim TJ , hence Theon. 2 {s eontinned. 

T ;is point of view 'tdll be helpful in explaining the method ot Part ~I. 

~ 6. Unique s olutions. 

Let U be t he aet of x n g8ll\e-matrices wh i ch have unique aolutione (• and 

n nre fixed t hrouchout the Uiscussj on). Fom-- y Af: U if and onl.7 it 

(14) dim X(A) • dLn Y(A) • O. 

We shall prove 

Iheol"'S!l J. U is open and ev.r;ywhere dense in (1'!1ll)-opace. 
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Proof thmt U !• op»nt 

If  5 " (^/) !■ Ä matrix or a raotor, deftn« 

^ 1^ I • ■ max 

6.      T, lt and T ar« oontlnuoua functions of A in th« following Bone«; 

Oiv»n A and any fe > 0,  ther« exists t enoh Uiat    3 - Al  < ^ Inplles 

(•) 

(b) 

T(B) - Y(A) < S. 

< S . 

(o) S. 

irlnlm\an    |x - x 

XfcX(A) 

xel(B) 
I   i 

alniii-ura      7 - y 

y^YCA) 

y'fcY(n) 

Proofi    Any ^ < *  is suita. le for (t).     For (b)  and  (c),  take any ssuuenos 

{B**}-» A and ohoos« for «ach ^ BODIS x^(rX(B^).    By ccmpactnsss, «very x^ aftsr 

^o 'l   ui •OB« x     %dll b« within  S of sons accxmulation point of [x*,.    But since 

hWiritf), all   J^f 

•very ac  jnulatior, point is  In X(A),    An argtmont, by contradiction r n* shows that 

the dr-ired 6 > 0 exists. 

We now prove that U is  open.    Let A,  be  the  easontlal  part of A! 

A1 - (a^),  l"^ - I2i   J^ J1 - J2. 

»       i 

Take A t U«    If | B - A    is  «nail, ?. has a solution x r  y    near the  unique solution 

x, y of A, by Lerraaa 6,     (Two-sided uniqueness f»re makes an essential appearance 
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In the  proof.     Thus t'c set UY of ^aneo ^th unl tie optL-nnl strfite^y for the 

first player is   not ü:>en,}    T".e oor ;or:entr- poBitlyp In x wiU be positive in x  , 

hence 

i 
Also Ay will he near By ,  honcc 

i (n) ^i (.). 

It follo^'B that A,   anci 13,  correspond and that 

(15) x/U) - X^H). 

Nov for an'.' niatHjc C   . 
o 

li       rank C > rank G  j 
- o 

0 
w« may therefore wr^ite 

(lo) 'rank 3, > r.j;k A,. 

Asaixae V(A)  / 0,  then by (1. ,  L.  )   of Part I# 

(1") dir. X^A) - dir. X(A)  - rank A,  - 1, 

din X1(n) - dL-n X(B) > rank 9,  -  I. 

.viuationa (15)»  (16',  (1")   '.Ive us 

d\~. X(;.') v din X(A). 

After Die s.c«  arr^vsnent on Y, w^? conclude H^ U,    öirci  tl«   restriction Y ^ 0 

cannot be relevant In this  ro: tort,   nvery A eU has a nel^hbori.ood In U, 

(A parallel  proof could  ,e   d ven  in on«rrttor tordnoloy.    Thus,  the 

cor.p.-.'äoM to (1'J)  i'j  the fact ♦Lit t]tp dir-ension of t:ve aeros of an operitor can 

only liecr^Hüe  for a all perturb  '.-   nis.) 
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We eh&ll call a matrix A "~eral11 1t no r x r + 1 subnatrix of A or AT, 

vith a rov of l•s aukljoined, hae a nniahing detenninant. '!'he set 0 of p:eneral 

l!1 x n uaatrloes 1e mdently not fll\P~ tor mn > 1. 

La:aa z. G U ewi')"Where d~se. 

Proof a Take an7 AJ and Ct. • A + t-. B, B ~G. It sutfi.cos to find e 
0 

such that 

C ~ G for all pod U n c· < t . En17 detenninant obtained boom C as in the pre-c 0 c 
ceding parat;raph is a pol)'nanial of rth dep,ree in t • Take t.. > 0 smaller than 

0 

any po81 t.1 ve root or these polynanial.a. 

Proof a 
I I 

Talal any Af U ldth y, y ~T, y, y ; and let B be the BUbmatrix ~ 

viti. a ~w ot l•e subjoined. Then for any xf X, 

(lB) T T (x,-Y) B • 0 • • 

ilao 

(19) ' B(y - y ) • O. 

Bvery eutl:natri.x o! B having as r!l8JV rotm as B (by( l.O )), or as many col.t.lnna 

(by(lS)), l.St be sin...,l"\llar. Therefore at least one ot the determinants obtained 

~ A as above vanishes, and A 1e not ga1eral. 

The proof or Theol't!IIB 3 is oanpleted b:r direct &;J;>llca t i on of lAmrr 7 and a. 

~ z. Sane ganes w-1 ~ h i n.f'i nite sets of etrateK!es. 

The manner in lllicl in.!'i nite gan~atrices devia te from t he theol'"T eo tar 

developed will be illustrated here by a number of examples. It is t ! e lbok of 

co .. ;>actness , r a ther than t he i nfi •tite ·1umber o! strateeiee, that appears to be 

chietl.y resvonsible t or t heee devi. at i o. s. However, we must observe that t he 
') 

non-discrete gane vi th the pay-off function f(x,y-) • y ... - xy defined on the unit 

• 
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soujnoris OF UISCROTE, Two-PER3orj GAMES 

by 

L,  3. Shapley, 3.  Karlin and H,  F. Bohnenbluot 

Reviaion of ^^,  pages 1Q-1J 

h^.    Some games with infinite sets of otrategieB, 

Virtually none of the  foregoing theory applies without drastic modllicatlon 

to games vith  infinite payoff raatrlcea,    V/e submit here some examples    to  Justify 

this assertion.    We  shall not,  however,  enter into a syntenatlc  study at this 

tine either o    infinite  rane-oatrices  or of games with  continua of strategies. 

First we must observe that many  Infinite matrices cio not possess values or 

optimal strategies,  even approximately,   and hence should perhaps not be called 

,'ames at all.    As a case  in point,  consider the unbounded matrix 

A:     a^  -  i - J (1-1,  2,   -..,   J  - 1,   . ,   ...). 

This game has no value and hence no solution. For consider the mixed strategy x 

in which x. is l/i if 1 - ., U, Ö, •••, and «ero otha-wise. Then «,•! ■ «ö . Dy 

symmetry we a: e led to  the curious result: 

inf sup a. »y - sup inf a  .x ■ - oo  • 
y    i x    j     J 

(For l>ounde<l rantrices the correspondir.g  expresslor;  is always  non-negative.    But 

*    For helpful corar.ent  and suggestions concerning these examples  tKe authors are 

indebted to H.  Kuhn of Princeton University, 
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with j A I " oo , multiplication of matrices  Is  no longer afltoci&tirei x'(Ay)  / (x A)y.) 

The mat. .x 

Bt    b, U i^ / 1 1 ♦ a U (a. . as above), 

is  bounded, but Likewise has no value.    For,  given any y find   t > 0, we iiay choose 

n so that y,  ♦  •••  ♦ y   > 1 - J   •    Thm  for any i > n/c    , we have 1 > b   »y > 1 - ? i 

Dy  synnetry: 

inf sup b. »y - sup inf b   .x -  2, 

Confining ourselves  now  to   infir.ite pane-matrices which  do have  solutions, we 

still  find violations  of all of our chief theorons.    The  following two ganes each 

have unique solutions, 

C: 0        crl      c. C3       C; 

0 c,       c -1      c-,        c, 

0 c1        c,      c3-l     c^ 

0        c1       c2       c3     cirl 

c.   > c.   , > 0, 

^cu   -   1. 
k 

v(C)  - 0;  X(G)  -    {{clt   c  ,   ...)}    5  Y(C)  -    {(1,  0,  0,   .-.)]     . 

(To prove the last,  we observe  that any optinal y :"Uflt  play all ntratepiei  after 

the  fl^st with equal  frof^uency—hence with  zero  frequency.) 
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Dt d      2d      \/2      2d      l/U      ... d / 0. 
i 
1 

d        1      2d      1/3      2d .   .   . 

v(D)  - dj  X(D)   -    ((1A,   l/.V'     j  Y(D}  -    ((1,  0,  0,   ...) 

Theorem 1  falls in the  former gan«,  eince J-CC) Is  infl-oite, J,(C)  nnit«. 

The dimensionality relation of Thoorera 2 leads to   ^  ■ 0 and  1 - 0 in the two eases. 

Thus it breaks down even wh«n thr essential part of the game  is a finite submatrijc. 

The contirmlty of solutions, as set forth in Lema 6, is violated In the 

neighborhoods of both games. For example, given any t > 0 we can move Y(D) a 

distance of 1 by subtracting t  frcm colunns   . arvd n ♦ 1 of D,  where n > l/«-     ,  n ^ 1. 

The  failure of Theorem 3  is  Illustrated a^ain by both  games.    It is  easy to 

verify that all x within  ^ of X(G)  or within   t/2d of X(D) becone optimal If any 

> 0 is  subtracted from the first column of C or D,    Thus U is not open for in- 

finite matrices.    U  continues  to be everywhere dense in the  subset of matrices 

which have  soluti >ns« 
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aquare 0 ~ x,y :;: l haa the aaddle point at x • y • 0 tor ite uniQ\le eolut1onJ 

hence the analoeu• ot x1 and J1 are ainele poi nts. Yet ·the counterpart ot I 2 1a 

clearl.T t.lw entire unH. i.nt.el"ftl, contr&J"T to what Theoren l l!IOUl.d ee• to imply. 

Conaider the 1nt1n1te oatr!xa 

~ .. 0 ~-1 ~ ~ &4 • • • 

0 ~ ~-1 ~ &4 ' ~>0 

0 ~ ~ ~-1 &4 ~ ~ •1 

0 '1. &2 ~ &4-l 

• • • 
• • • 
• • • 

and the two 2 x ~matrices a 

B • bl bl+b2 1/2 bl+b2 1/4 • • • 

b2 1 bl+ b2 1/3 bl+ b2 • • • 

c • 

I ~ 
1 - 2 ) -4---

-1 2 -3 4--- .. 
All three games han uniq\le solutions, to wita 

1 1 
T(A) • o, T(B) • '-(b1 • b2), T(c) • , <c1 • c2); 

I(A) • (~,a2, ••• ), X(D) • X(C) • (~1 ~)J 

!(A) • !(B) • !(C) • (l,O,O, ••• ). 
• 

Onl.y t he uniqueness ot Y(A) need be juat1t1ed here. 3uppoae I(A) to be 

• 



Ita inner prodlaat with the ith row, 1 • l., 2, ••• , 1!1U8t be Y{A) • Oa 

Thua 

and 

aO 

L: •.1'1'.1 - Yt • O. 
J•l 

y • (l,o,o, ••• ). 

Theorem 1 ia violated in G<D• A, since J 2(A) 18 infinite, J1 (A) tinit.e. 

However when both eet.s are tini t.e the t.heol'Wl apparently ret.aina 1 ta to roe. 

• 

T'he di ;aensionallt.7 relatio!1 of Theorel 2 leads reepect.i vel)- to oo • o, 1 • o, 

am 1 • 0 i r. the three caaea. Thue we aM it. breaka down enn "'_, Uw eastntial 

part of the c~e i a a finite matrix. 

In game B n observe t.hR t t he set J 
2 

ot eaaent.ial ooltnna. 1a not inftrh.nt 

under certain infini t eaimal. perturbations J tlli.Dd atl"8tegl.•• can be round outside 

of J .1 (B) wh..,;,oh come a r l-:itrnrlly close to being opt.imal. Thia 1a obYioualyimpMsibl• - . 
i n n f~ite r;ame. To put it another way, this means that the first column 11&1' be -
excluded fran B 'Wilthout decreasing the Talue of the s•• (defined nov uairig "int", 

!lot " 1in " ) • a.me C ia included to shov tbat t h11 effect mq be awidecl (the 

vnl.ue of C without the .t'irs t colwn ia aero), though onq at. the prS.oe ot an un

bowlded :atrl.xa \ C I • oo o 

The failure of Theoren J 1a illustrated by game A, Md by g•• 8 it b1 • b2• 

In e ach case a level dec r ease in the fi rst col\lnn by any amount. c > 0 dMt.roye 

uniqueness. It ie eaay to verify that all miad at.rntep,iea within c ot X(A) or 

within E. /(b1 + b2) ot X(B) beoome optiJnal. Ttn. U 1• not OJ*' tor 1nt1n1t.e 

matrloee. U 1a indeed anryvhere dense 1n t.he ••t ol mat.r1cee whioh haw • luttona, 

but. not every intini ta matrix has a eolut.i.on, or even a n.l.ue. For ezmple, t.alal 
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. D • (~J)' dij • 1-J, 1 • 1,2, ••• , J • 1,2, ••• J 

or the bomded -t.rlx 

I 

The con· .. inuit-7 o! solutions, a.s eet forth in 1.-aa 6, appe.rentl7 holds for 

infinite natrioes vh.,ewr their solutions exist • . 
PART II: CO STRUCTIOH OF GAHEJ ·.liT!! r.rrr; 30W!IO'JS 

-~8. The problc; Canonical fonns. 

We suppose that ve hn ve been e1 ven a pair of (convex) po~-hedra X and T, 

each situated in a siuplex, and t hn. t we h'i.sh to .N..nd a came wh oee eete of 

opt al etrater,ies correspond exactly to X and Y. 

The problen is made no more difficult by prescrib i ng 1..., vnlue the ,3 a1:te is 

to h.:lve. 

Let ~ and ! 1 be the snillest faces of the s implices oontninin~ I and Y. 

Fra:l Theon~~~ 2 we know that our problan has no answer unles::; 

(20) dim 'J. - dim X • dim Y 1 - dim ! • 

Our t'IUbeequMt vork "'Ul show that condi. Uon ( :->0 ) ie sufficient as well 

(Theorem 4, § 13). 

The con..structi.on we describe in ~~ 10 - 12 produces a epecitlc (except !or 

a cert&in !recdcxn in ordering the ro"T1!1 am oo1\r..nt') etandarciised matriX for each 

X, T satisfyi nr, ( 20). This p ves us in e!tect e. set.ot canonical toms. Rowewr, 

there is no apparent way of rela t ng an arbitrary matrix to ita canonical counterpa rt 

short of finding all ita :;olutione and conetruct108 t he standard matrix to order 



(A tini te thoufll tedioua proceea tor !1ndi~ all eolutiOM il deaoribed 1n 

[3] ~6.) Th•e oanonioal tonne, tt.retore, ar. no" pran!eing aa a csputational 

aid. In answring theoretioal qu .. t.iona, howwr, it r:lt\7 aanetil'!le8 be Ml.piUl 

to haw to oona1der only a cnall aubeet of all poeaible utric ... 

' 
A more general claeaitieati on m1ettt hap tos-ther g•e• whoM leta 1, Y are 

ie<l!lorph1c under a projective tranato~at1m. There wuld then be onl.7 a nnite 

maber of typea tor. matrlc• of each pe.rtJ catl.ar aiHe The canonical ge• could 

han their eolutiona or i ented in eome natural, simple fashion; tar -.ample, the . 
canonical unique eolutlona oould alwaye be of the ronas 

1 1 o, 0), 1 - xtt - (? ... , r' ... , 
1 1 o, 0). y - .,. - (-, •••• r' . .. , r 

The aolutiona ot ~ gmne waW.d be identical to the solut.t.one ot a g- BAC 

where A 11 one of a finite eet or canonical games and B and C are nonaingul.&r 

m.atrlcea repreaent.ing the appropriate projeot1 ve tn.nafonna Uona on tlw tw 

simplices of mixed etrnt.egiea. 

~ 9. 0eCJ:letr1cal deecripti on ot the canatNotion. 

We retum to the o~rat.or point of new 1ntroduoed at the end of § S. 

Suppose rtrs t that tlw polyhedra e1 van, X ard Y, are in fact the inteP~teot.iona of 

the lineal' space• I and ! with tl'e f'unW.~t&l e1npllaea ((m - 1)- and (n - 1).. 

dimenaional , reepect.i ve~) lying in a- and n-d1Jnens1onal Euclldean apace. Suppoee 

further that 1 am Y oontEdn pointe interior to their ..-pect.i ve eimpllo•. The. 

essential pert. or e.r17 gMle (aee § 2) v1ll han aoh solutiorw. 

In view of ( 20), the orthogonal manifolda ! .l an1 Y L taft the ,_. di.IMnnan. 

Take &JV (non-einguhr) linear tranafo:nnat1on S mapping !J. on f.l. , and.., pre-
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3•t.ion P ot at-e pace on ! l. which t18p8 I into the oriel n, Then the gam-

matrix eorrapondlng to the t:rana!bnnat.ion T • SP hu Talue uro, nnd s.ts ot 

opt1I3al. atrategiea I am !. (See § 5, Hp, equations (lJ).) 

In p,eneral, t.he r;iYen polyhedra I md ! mq haYO boUl " natural " !aces, 

oaUMd b7 the bound&J')" inequalltiea ~ ~ o, yj ~ 0 ot thP!ir simplices, and 

"wmatural• tacea defined by &n>itrary inequ&li ties. Each wmatural face of 

I [ r] oon .. porlde to a col'WJUl [row] eutside of the eeaootial part of the 

pme matrix. (s.. ~12 below,) 

Thull "lUU" ability to ooMtnaot a game with etnn eoluUone is conditioned not 
• 

only by the dimennional reetr!ctian (20) but alao Ly whether w are provided with 

eaugh • ~" etrat.egiea, not inYOl'tled in any opt.imal. etrateQ', to tad care 

ot the wmatural !aoee, It i.e alllf818 poaaible, of oourse, to handle a surplus of 

~ etntegiee, wi.Ulout dieturl>ing the z•st or the conatruotion. 

i10• . t1n1,m eoluUon Q.nn, 

We proceed now to the algebraic detrlla of tlw oonatnacUon, In this s~tCtion 

we suppose that the g1 ven X f.nd Y are pointe, The g4meral treatmmt of § 11 in

cludes this ca.aea we consider it separatel.7 only to illuatrate t.he general attack 

and becauae or the particulAr interest or earn• with unique solutions. 

Disregard any~ etrategiea, ani denote the poe1.tive com;')onente of the 

unique opti.ro.al atrate~ea by 

xo, Xi• ••• , ~ • x, t • dim ~J 

The orde1· may be taken a. rbi trari ly (see Renark 3 below), 
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Let I    represent  the t x t irter.tJ.ty r^trlx (1 on th« main diagonal,  ••ro 

«Isewher«),  ar.d   let A(c; be the t ♦ 1 x t ♦ 1 r^trix at followoi 

c-x. 
a(c) !^2 

x 

c- M 

c-: 1 i 
V 
• 0 

C-" 

7o 

a(c)  - 
c(xo ^ 70 - 1) ^x VJ 

Vo 

C-VA 

Tlier1. V(A(C))  - c  a:*!,   provider!  c / l/t,  x#j   is   the mA nie solution of A(c), 

IIX>OT:     Olio r.ay verify dtrectly Uv.t x,y io  a solution and  that c 1B the 

v.luo.     To «Jtr.. L'ah  M: ,1 mei.ea?,  we  observe thf-t 

t ♦ 1, c ^ 0,  l/tj 

n>;ik A(c; 
c - 0. 

i    tr (i , i •; or 
^   - 

i- :<(.uc)} - .a:- v(-.(c)) - o. 

cr    rk     :      'n  f '•  ovm*   c V »»( i Ttr;lepir(- x'  - y' 

(0,   1/t,   ...,   1/t) 
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arc  optimal as well as x RJKI y.    X(A(T-))  and Y(A(T>))  ar» the sepyvertts x x and     . 
i 

y y «xtanf'ed to the ed^«8  of tv,e  slnpllces X-,   and  Y, .     For a gaae with uaique 

1      2 solution x,y ami  value l/t we nl^it use (for exanple)  the ijatrix D  ■ ^(A(r)). 

itcaark 2:    A oonetruction using any non-ain/nÜÄr t x t natrlx In pl-r'.ce of 

I    Is equally possible.    Tie  t;enerali»atlon of tlie  critical value l/t Is 

1/Z Z b      wJiar« (tjj)  la   ^e   inverse of ihn   .ati'lx used. 

Rana rk j:    31nce the  number'nc 0^ ^'e rows a;*!  colons is [xirel^ a "vatter 

of nonenclaturo,  the matrix A(c) 1B  not si.oily apecific.    We may rwnedy th lo defect 

by poeitlng 

6JX;    Polyhe-lre of general (iimension ^ven. 

W« shall require In t-hio oection only that X    and Yj   be cor.pletely 

deecrlLed  in sore  (i>-l)-<llnenflioi al      (8-l)-<li   anüioaal      plane by ty» character- 

istic  ine-jtialitiou of the  s.   plax« 

«Then  a   -oiae A hat.  ouch   nets of solutions,   ' ts eoncntial f>art A,   will have 

precisely  M.r  ojv.e  Sü\sf   i.e: 

X(n)  - X(A1), Y(A)  - Y(A1) 

(conipart» (3) of ^2), It will bo T.OB
4

. eoono ical, t.v.en# to cot.struct a garae 

which Is its own essential part, X, «nu Y, will cor'.-f rise the full sLiplioes 

of . ixod strute/le;). 
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Define 

r - 1  ♦  dir   X, :-   - 1  ♦  dir,  X^ 

s - 1 ♦ dir. Y, n - 1  ♦ dl-   Y1, 

t-m-r"n-8, 

* 
Choose r arid  s   linearly ' ndttervdent  points  In X ard Y respec ively 

y, - (yni ...» y^)       ^ - i, -.., »i 

and 'one th«. a^ rowB  in fomin^ the niatrioee 

The  superscripts  show r^al",  tiv double subscripts shov nlze.    Our pressnt problwn 

may   !ow le atr.te.1   .1 rl rdcall/j     to  find Ah_    satisfying 

X1"     A^      - Vl 
m 

( 1) 

A»   (Y*  )T - vl 
>j.    s;r r.i 

4t 

(l1  ) 

(    t, T   -   0, 

t   ♦   1, T ji   0. 

T'« oon'lltion  on ,   prp\c;lt8 X(A}f  Y(A)  fror buln^ of   Irt.er dl   onfllon than  the 

iven X,  Y  (see  (12,  12')  in   ^ $). 

^teri  (21)  cnfnprlses rn ♦  -is  ejuntlofiB  in the r-.n unknowns  a^ ^    Howet%rr 
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re 

&a the  follow!TV conotructlon reveals, thare la  Juet encyigh InterdojjeMfio.ice 

to permit t    of the vinknowno  to be chosen ar'oitm.rtly. 

Before proceedlr.' wit'u ^e conDtmcti^n,  it vrlll ha coiveiiiont to 

ajrrai -e the colvcxns of X        and i so Uiat U-.e   flrat r  , a      coluru\s a rm  I sn^ [   j 

linearly- independent.    (lecnetrically,  th4 ü  sLrnly   «ans p-ckln.^ t.he order of 

coordinates ao  th.-.t the projection of X on the  air.plicial fac« defined bv the 

first r cooru! n. tea  (  1 • 1,   .,.,  r) will be one-one. 

Mow we place I    in the lower rlfht comer of A  (see the  fl .nire).    The 

renainlnf el«ne ts a. . are then detonlned uniquely ly ( -1).    .ipeciflc-.lly, 

9   X   B S   X   t Y* sn 

(X     )' 

r x r 

t x t 

L. 

r x s 

t   X   8 

r x t 

t x t 

<n * (».j) 

for t;>e  u^-'T r'. •' t comer (i   - I,   .,,  r; • r ♦ 1,   ..,,   n)  use  the  syntens 



(23) 

Xu~ • • • • • ~~J • 'I' - ~ , 

• • • 

The lower lett. comer 1a anal&gous, !he upper lett 1187 be t!lled 1n tJoa either 

direction: the result must be the .... , The tln i ehed Dlll'-rlx A b happil7 lnde

pend.,t or our choice or points ~ and T l' 

A ataple check re'N&le tt.t condition (22) an thl rank ot A i• 1\ll.t1.lled 

except ..tlen T • 1/t, In that inatance we And the extraneou Gpt.1aal atrateg 

x• • (o, o .. , 0, 1/t, ,,, 1/t), The reatrlct1on we paat on the tirat r oo1UIU18 

ot ~ tel.l.a Ull t.hat x• u not in 1, !beretbre, it a ftlue ot 1/t ia deeired, 

we must uae aone euch drnce aa propoeed in R.-ark 1, § 10, 

Remark 2 or ~ 10 applies with eq\&&1 force to the Jreamt ..... A• to t.he 

point r aised in Remark J, it i s not clear that any gtnel'&llation ot the ordel'o-

i l1[, proposed t here would neCe8Sl'.rilT make the .f1rat r COl*D8 ot ~ [• ooha~ of rs..J 
i ndepc!l"l 'er t, as required, ' 

.12. The rooet g~er&l caae• 

We ... t now ccmsider ci ftn polyhedra whoee boundaries are not. entirelT 

descrt',ed by the natural linits xt ~ o,- "J ~ o. Each unnatw-al (r- 2)-taoe ot 

X · [<s - 2)-face of t] oorresponda to a rww oolumn aj [ I'W a1] outalde ot the 

esaent.i a l sul:lnntrix A1, There is no reatrlct1on on the maer or arnns-nt. ot 

t hese unnatural !aces, provided ot course that l am Y .....Un oon'YU. PUrthe:rmore, 

there is no interaction bet1teen t he new oollana J ~ J1 ID1 the rww ro-.. if I 1 a 

electts a1 j CGIII!lon to both m&7 be aedlned arblti"U7' Tal••• 

It suffices to describe the ca.lculat.ion ot •• tor a p&l'tiCR&lar (r - 2)-tue 
, rJ 

F ot 1. Choose a set ot r - 1 independ.,t pointe ~· • , • , X,. on F and another 

! 
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point Z:L in \be int,erior ot X. t.t. thl dlet.noe of tt'• latt.r to the plane of r be 

). > 0, roa the stl"ix ~ • (~). h arUy oondit1on that aj muat eatial) ia 

~ > o. 

To get a definite reeult w take a1j • 0 tor 1 > r, and ~ • ),.. The latter lll.kes 

the reeult iDdependent ot the points chosen. The fozmer 18 j\18t1tied beeauae, 

attAr our manipllat.ion in ~ U, the 1'1ret r co1\EUS ot ~ constitute a non

s1ngular u.trix rrr. Thua we haw 

(24) rrr aj • (v • ),. 1 v, ••• , Y), 

which det.ennines aj exactl.J. The similar expression tor the ~pla~r t nvolvea 

Y - ),. in place ot v + ),.. It is only at this point that the nnti-synwnetry in the 

roles of the two players shOWII up 1n the construction. 

11.3 I S\earx e 

Sections i § 11, 12, t aken with Theoran 2, i 5, c~priee a cons truct.1 ve 

proof of t he folluwine z 

Theoran 4. Let X be a convex polyhedron ot d1nena1.on r- 1 oontalned tn ·au (' - 1)

cS.il!lenaional face ~, but in no amal.ler !ace, of an (at - 1)-dimeM onal eiapla. 

Let there be just ~ (r - 2)-c:limensional !aces ot X not contained in t he bOWlCiB.rJ 

ot ~· Similarly !or Y, a, !l' n, n', Ol¥1 V. Thm an •' x n' game4&trt.x A 

a:l.t.a havinc seta ot opt1.":1&1 strategies co!Teepondine exacUy to X and Y tt and 

onl7 it 

and 

o'~ m+-111 n• ... ~ n • ~· 

. . 



!he oanpl.ete oar111t.Not.1CI'l may be ~ up (eM n.gure) 1 

(1) (11) .· -. - .... . . . . - -
. It 0 
I . 

(U) 0 (W)o 

• n 

r 

1ft 

•' n• 

(1) OOMtN<. \ U. ••entiu aa.&tl'ix ~ around ttw 1dmtit7 matrix 

It, t • m - r • D - e, using eqatlona (20) ot ~ U. 

(U) O<lnpute NOh additional row or oohal required u outlinecl ln ~ 12. 

(111) Sqwire ott tl• matrix b7 pu\til'\1 •tJ. o, ·t+rl' J tJ1. 
i lJU ilsepl! • 

Find a gLWe hanna ftlue .., and optim&l etrat.eg!.•• aa indioatech 

3 

r • 2 

II • J 
~. 1 

kt.nme point& (1/2, 1/2, 0 ) 
(1/41 1/4, 1/2) 

In ttanpU flG to t'bm X:,. w 11nd 

ve nuat reorder the ooord1. t..e 

1'• ' 21
• ), 31

• 1. Th.n 

1/2 0 1/2 
1/J l/'J ~J 

4 

•• .3 
n • r 

•V • 0 1 

2 

lnrete pointe (1/3, 0 1 0 1 .?/3) 
( 0 ' 1/2, 0 ' 1/2) 
( 0 ' 0 ' ~.3, 2/3) 

• 
~ . 
n 

0 

o- 1/2 

0 0 

02/3 

0 1/2 

1/J 2/J 



Put.ting It ~ \he lower rl.ght oomer means aett1ng ~,4 • 1 •. Column 4 is found 

by uaing ~ (aa 1n (2.3), ~ ll), and the tint three eol\I:UUS mq be oampated. 

81milarl.7 using <Y!n> T. BJ t.aJdng pointe w1 th .. 1"0 oom~nents in oanpoe1ng the 

matrlce• .,r am ~ w wre able to make the equations extremel7 s imple. -rm •n . 
X has an unnatural !aoe PJ we nust t.heretore include a duzlrn7 strategy, j • 5, 

tor the ,-.pl.qer. To n.m oolla'l 5 w eeleot the point8 (1/J, 1/J, 1/J) interior . 
to X and (l/4, 1/2, 1/4) in F. 'nte dlatanoe bet.WMn thee\ 1a ~ • -f6/12. Sub-

st.! t.ut.ing the matrix 

~ 
~-

into (24) glwe ua ~, 5 and a2 ,
5

• Finally, we •-' -,,
5 

• o. 

The oc:lllp)..et.ed . game-cnat.rlxa 

J• 1 2 3 4 ' 
11 l• • 2 0 1 0 3 4 ·if 

2' • .) 2 2 2 2 -f6 
2- T' 

. - - - - -- - - - · -
J• • 1 4 3 4 : 1 I 

: j 
0 



PART III: SOLUTIONS OF SOME SPECIAL GAMES 

915. Complete],y . ixed g,arlHi basic solutions. 

Part III will describe the solutions or three easily recogni&able typee or 

s quare matricee with specie. l diagonal properties. The 1'1ret two (~ § 16, 17) 

generalise the II sepa ration or diagonals" criterion used in [ 2] (Chapter IV, 

section 18) for solvinc, ~ x ~ matrices, while the third ·(§ 18) is a special caee 

or t he second . 

lti :Jhe.ll .t1nd it convenient to introduce the :1otions or basic solution and 

• 

ccnpletel,y ::dxed ga.r.~e. A s~lution x, 7 or A is buic it x is a vertex or X(A) and 

y a vertex o! Y(A). If v( A) is not aero, a solution x, y is basic 1! and only 1! 

t here. exists a non-singular submatrix of A whose inverae D • (b j i ) satist1ee 

The value turns aut to be 

(See reference [J] , ot whit2h this ie t.he main tl~N1"81). The .W..Vlx 1n qu•tion 

will cont ain the one deti ne\1 by I 1 (x) and J1 (y), and be oont.ained 1n the one detined 

by I 2(y ) and J 2(x) (see the definition or§ 1). 

A game iJ said to (j •<!ll?l•\!lr m1pd it all or ita eolutiana lmoln ew17 

etJORtecr or both p~re (retennce [1] ). It tol.lowa that a O<npl..t.eq a1Dd 

arne must have a unique solution and a square rn&trix, which is non-e1naular un1 .. 

the value ia aero. The solution may be obtained by inwrtine the matri.J[ and ueina 

(25). 



Lea 9. ill tov ot the gam...._ trices ! A, ! AT 1 or nOM ot th•, are CCIIlpletel.y 

miJDid.. 

'ftle proof 18 routine. 

116. Main cSiagonal separated and dcninant. 

Conaider an n x n matl"lx A • (aij) Wrl.ch eatietlee, tor eome 1"1xed q, 

(26) 
aij > q it 1 • J, 

Atj < q it 1 ~ jJ 

and eitt.r (a) s 

Th_, 9f(A) ~ q and A h oanpletel.y miDcl. (See Fig. l in M'lich q 1a taken to be 

Mro.) 
l . 

Proota (a)l Putting ;_ • • • • • X., • n rneal.a that Y ~ q. ShoW.d azq 7 1D Y 

h&Ye y~ • 01 th.n the 1.Jwqual.ity L.. a~YJ < q ~ Y \el.le ua t.hat x~ • 0 tor ... ,. 

x l .n 1. INt. vhenenr x~ • 0 the inequallt.y L a1n < Y pNWnts x trc. bein& 

optimal. Ttaaa A b OCI'tpl.etel.y · tixed. 

Proota (b) 1 tU. aey y in Y and ~ auch that 7~ • lUX 7.1• Then 

The proot oont1nuee u i n (a). 

cu .. (a) and (b) llight haw been ded\aoed one !rom the otller with the dd ot 



or ~ 9, 31mil.arly we mq renne the inequalit.iee ot. the ttypotheda, The 

tol.lowi ne example ehowa that the ocn11 t i on " either (.,) , •• or (b) ,,, • , which 

eru~urea " unifon.l" daminance, oo.nnot be replaoed by the weaker proviso a 

( 27) 2 ~ijaij ~ n q, 

&ulnPle 1a 

1 - 2 0 Y•O 

-2 1 0 unique x~X• (0, 1, 1) 

0 0 12 wrtioes or Yt l 2 c,, ,, 0), 2; 1 <,, ,, 0), 

The tnain diaeonal i s separated, alli da.rl.nant 1n the sense ot ( 27) for eftl7 q 

ea tie fyi ne ( 26 ) J yet the game 1e not oompletely rniDd. 

~ 17, Dia,e,ar,..als aepal'llted and ordered, 

Consider an n x n ~~~&trlx A • <-,_,> with 

where he intervale ~ are disjoint and ordereds 

( 2a ) L0 < t,_ < • •• < ~r 

We shall esta l.,iah t~t A ·is oanplet.ely mi.Dd, (See Fig, 2,) 

Pro f1 Suppose s ome x~ I has xJ • 0, The 

~enf• every 7 f. t hr..s '¥ ~ • 0, Sir.ularl)r, if some 7 f: Y ha• T J • 0 the 
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.Henoe •ft1'7 x 1n I haa x_,.1 • o. Repeat theae two atepe n ~-, reduo1ng 

8\lbaoripta ~o I) ~en neoee8&J"7. !he resulting aba\U'dity x • .,. • 0 pro._ 

that A b cam~ mi.ad. 

V1th<Nt \bl ol'l1er1.ng (28), A b not neo .. N.!"ll.y ocap1eteq ~. In &IV 

1 1 
cue, UN ot the miXIId atrate17 (n' •• •1 n) cannot ooet either p~r moN than 

the 1Han cll_.ter ot the sete X..C• The matt MOtion aolftB the oaee vhere the ~ 

are pointe. 

• - ••• - >O - Lo ~ ••• Ln-1 ao ~ ••• an-1 

• ••• - >O - Ln-1 Lo ••• L n-2 ~1 ao • •• a n-2 
• • (b) • • • • • • • • . • - ••• • ~0 

~ L2 ••• Lo ~ a2 • •• ao 
>O ~0 ••• > 0 - -

(a) 

ft.gu.n 1. P'1gve 2. 

I 18, Corw tant. diagonal.a. 

Co~aider an n x n raatr1.x A • (a1j) with 

k = 1 - J (mod n). 

1 1 1 1 (See Fig. J,) One ~lately observes t hnt (n, ••. , n)' (0, ••• , n> 1• a 

solution and that T(A) • ~ L ~· Si.nae ~ other optiroal mixed atrateg1 .. tor 

either pLa~r must be ayr.unetricall.T disposed abO\It (~, ••• , ~), t his solution 

will be unique 1! and only 1! i t 1e b a.s~o, 3\i'".>poae l ~ ~ O. Then A la ocapl.ete

ly ~r.ixed 1! and only U the detel ninant I a1 j I f. o. Dut 1t 1 eaei.lT ftrl1'1ed that 



vhere w ia a priaiUw nth root. or unit7, · It none ot the taotora ftniah .. , t.h• 
n 

A ia OCII!lpl.e~ mix.d~ .On the other hand, it L ~w:-' • 0 tor ~ • 1
0

, the rNl. 

"o 2.1o (n-1).1 
part r 1 of the ccmpla ~tor ( 1, c.vn w" , ••• , c.v

0 
°) ia ln the rall-

o 
apace ot A and AT, The optimal mixed atn.teglea tor either pla,-er vill be jut. 

those ot the !'on~ 

1 1 
(-, ••• , -) + I" n n 

where r is a •ector in the apace apanned b7 all such r ~ and their oyolic ~\atioaa, 
0 

J 19, Conclusion. 

• • ~~ r,~ • r2 • (1, -1, 1, -1). 
0 

I and Y are the Une sepria, in their rMpectiYe 
l 1 . 1 1 

t.etrahedl"a, joinir.a the points (~, o, ~' 0) ard (o, ~· 0, ~). 

R!yric 1: A1fl' matrix which ia deriYab1e tram one of the tJP" here d1aaueect 
. 

b7 pemutation ot the row or columna ia ot OCNI"Se not eaa.rt.ial.l7 ditterent, 

!earls 2a A relaxt.ng of the strict 1nequallt1• appearlne ln ~§16, 17 gifta 

riae to a host ot special caaee, moat ot them not camp1etel7 mi:Dd, which are not 

worth ducr1bing in detail, 

R••ric J: A 2 x 2 gllllle 1a ca.pletel.7 mixed it and onJ.7 i! ita diagonala are 

separated. Untortunatel71 OQl' generaliaed cond1U.ona ot ~§16, 17 are not nen 

broad enough t.o coYer all 3 x 3 campleteq r.d.xad gB~nea, One of the manricka la 

the tollowlnga 



• 

"•pl• l' 

4 -3 -2 1 • .. ,, 
-3 4 -2 wdqQe xE Ia l 1 ~ c,, ,. ), 

0 0 1 waique yt. Y1 (~, ,, ~). 
On.l..y the aa1n di&sonal ia eepuated and it 1• not d<lftinant. 
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